A class of large N U (N ) gauge theories on a compact manifold S 3 × R (with possible inclusion of adjoint matter) is known to show first order deconfinement transition at the deconfinement temperature. This includes the familiar example of pure Y M theory and N = 4 SYM theory. Here we study the effect of introduction of N f fundamental matter fields in the phase diagram of the above mentioned gauge theories at small coupling and in the limit of large N and finite N f /N . We find some interesting features like the termination of the line of first order deconfinement phase transition at a critical point as the ratio N f /N is increased and absence of deconfinement transition thereafter (there is only a smooth crossover). This result may have some implication for QCD, which unlike a pure gauge theory does not show a first order deconfinement transition and only displays a smooth crossover at the transition temperature.
real-world QCD there is no first order deconfinement transition.
One way to study the finite flavour problems is to look at the idealized situation of large-N gauge theories. Here perturbative calculations are easier due to 1 N suppression of non-planer diagrams, and in some cases one may use gauge/gravity duality to perform an analytic study of strongly coupled gauge theories [4] . For the zero flavour case, a clear analytic demonstration of deconfinement transition for strongly coupled large N N = 4 SYM theory was originally discussed by Witten [5] , where the deconfinement transition in gauge theory is identified with Hawking-Page [6] transition in the dual AdS 5 × S 5 background. The case of weakly coupled large N gauge theory on S 3 × R is accessible in ordinary perturbation theory and studied in [7, 8, 9] . 1 Both at strong and weak coupling there is one saddle point at low temperature which is identified as the thermal AdS space. As we increase the temperature to a nucleation temperature (T N ) there will be creation of two new saddle points. One is stable (BBH, big black hole in strong coupling) and one is unstable (SBH, small black hole in strong coupling). As the temperature is increased further at certain point(T 1 ), the free energy of the big black hole becomes negative and consequently there is a first order transition from the AdS to BBH space. Black holes have a free energy of O(N 2 ) and their gauge theory dual is a deconfined plasma. Hence, the first order transition from the AdS space to the black hole space corresponds to the deconfinement transition in the gauge theory.
The effects of inclusion of flavours on deconfinement are less well studied. In the limit (N f ≪ N) the flavour degrees of freedom will not have significant effects on the phase diagram of the theory and to study the flavour effects we should look at the situations where O(N f /N) ∼ 1. Flavors can be introduced in the context of AdS/CFT by introducing D7 or D5 branes in the D3 brane background [11] . Although O(N f /N) ∼ 1 means that we can not neglect the back reaction of the flavour branes and one is forced to look at the difficult problem of brane backreaction. Although the exact D3/D7 and other brane intersection solutions has been constructed in the supersymmetric case [12, 13, 14] , little is known about the thermal phases and non-extremal solutions [15] .
In this paper we take the preliminary step to study the flavour effects 2 by introducing flavours in gauge theories defined on compact spaces (e.g., S 3 ). The gauge theories we consider show first order deconfinement transitions in pure form (i.e., without any flavours).
We demonstrate that increasing N f makes this transition softer and eventually for N f greater than some critical value (N c f ) there will be no deconfinement transition (see Fig 1) . We also comment on the effect of the flavour mass on the phase diagram. As expected it is found that flavours gradually get decoupled if we increase the flavour mass. This result seems to have some implication for real world QCD and as we discuss may possibly be continuously connected to that case.
A. Effective action and order parameter
We first present a general discussion of the effective action of a generic weakly coupled SU(N) YM theory on the compact manifold S 3 . We consider the theory in the canonical ensemble, i.e., the Euclidean time direction is periodically identified with a period of β = 1 T
.
It was shown in [21, 22] that the Yang-Mills theory partition function on S 3 at a temperature T can be reduced to an integral over a unitary SU(N) matrix U, which is the zero mode of the Polyakov loop on the Euclidean time circle. Their analysis was done in the limit when place.
the 't Hooft coupling λ << 1.
with
where A 0 (τ ) is the zero mode of the time component of the gauge field on S 3 . This follows from the fact that apart from A 0 all modes of the gauge theory on S 3 are massive and can be integrated out. Hence we can use U as an order parameter.
In the λ = 0 case the the partition function of a generic gauge theory defined on a compact manifold is presented in [21] . Since the theory is on a compact space, there is a constraint from Gauss' law which causes interaction between the gauge and other degrees of freedom. The effective action is,
where U is a N × N unitary matrix, χ R (U) is the character for the representation R, z R B (x) and z R F (x) are the single particle bosonic and fermionic partition functions for the representation R ( [21] ):
have from Eq. (3):
Now consider the same theory with non-vanishing 't Hooft coupling l. Gauge invariance requires that the effective action of U be expressed in terms of products of tr U n , with n an integer, since these are the only gauge invariant quantities that can be constructed from A 0 alone. It is useful in this section to keep any scalar self-couplings and Yukawa couplings at zero. The partition function can be written as [16, 21, 23 ]
where
The planar contribution at large N to S ef f in perturbation theory is, in a double expansion in l and N f /N, consistent with gauge invariance:
where, each function F p n 1 ,··· ,np (ρ j , λ, β) appearing in above formula is built up by a series of Z N invariant product of ρ n 's,
In perturbation theory we have, a
The form of effective action (9) is determined by considering the Feynman diagrams of the theory, where each insertion of a fundamental loop into an adjoint line of a diagram gives a factor of l(N f /N), while a radiative correction by an adjoint line to a fundamental propagator gives a factor of l [24] (Since we are keeping scalar self-couplings and Yukawa couplings at zero, these are the only corrections to be considered in this section.).
In perturbation theory, near the saddle point of Eq. (9) one may integrate out the ρ n (n ≥
2)
4 , since at near the interesting phase transition regime, |ρ n (x c )| << |ρ 1 (x c )| for n ≥ 2 (see [9, 16] for a detailed discussion.). Therefore the effective action for ρ 1 near the saddle-point
The leading order contributions to the coefficients in (2.6) are
and positive at leading order ;
From Eq. (6) we can read off the temperature dependence of m 2 1 and c:
Since each insertion of a fundamental loop in an adjoint line is accompanied by a factor of l(N f /N), higher-orders in N f /N result in higher powers of l compared to those displayed in 
ρ(θ) > 0
The terms of ρ n , ρ(θ) can be written as:
To solve the theory we also have to take into account the measure contribution (S M ) in the total action(S tot ). At large N we have,
. Written in terms of ρ n , the measure contribution can have different analytic expressions depending on whether ρ(θ) is gapped or ungapped. For example if we concentrate on an effective action which is a function of a single moment ρ 1 , then S M (ρ 1 ) is given by:
II. NO FLAVOUR CASE: DECONFINEMENT TRANSITION
In this chapter we will review the previous works on deconfinement transition of weakly coupled gauge theory on S 3 × R. 5 . From Eq. (10) we get for N f = 0 case,
Taking into account the measure factor for U(N), the saddle point equation for ρ 1 is:
The free energy at a saddle is given by:
5 Most clear analytic demonstration of deconfinement transition in the strong coupling comes from the
Depending on the sign of b(β, λ) the theory may exhibit different phase structures. It has been shown in [9] , that b > 0 for the perturbative pure YM theory on S 3 and it is expected that same holds for the N = 4 SYM theory also. If b > 0 the phase structure of the weakly coupled gauge theory resembles [7] that of strongly coupled N = 4 SYM theory derived from AdS/CF T and also that of strongly coupled pure large N YM theory. It seems possible that the phase diagram can be extrapolated to strong coupling. In the next section we will review the phase diagram for the various values of b(β, λ).
This corresponds to b = 0, d = 0. In this case only the temperature is variable. From
Eq. (18) we see that there is always a solution for ρ 1 < This solution is:
There is no change in this picture as m 
first take b to be a small positive value. Then we see from Eq. (18) that there is always an extremum at ρ 1 = 0. For T < T H this saddle point is stable. As temperature is increased, two things happen: first, two new saddle points appear at a temperature T N (nucleation temperature) which is below T H (see Fig 3) . The rightmost saddle is stable, while the middle one is unstable. As temperature is further increased, the rightmost saddle becomes dominant at a temperature T c < T H (with a negative free energy), and at this stage the system jumps from the saddle at ρ 1 = 0 to the rightmost one. This transition is first order, and the free energy of the system jumps from O(1) to O(N 2 ). It can be shown using Eqs.
(18), (19) that T c decreases with increasing λ. 
b < 0
We now consider the situation when b is negative. In this case nothing happens below T H . At the Hagedorn temperature T H the system undergoes a first order transition much like the case λ = 0. As the temperature is increased further, the new stable saddle shifts towards increasing ρ 1 . At a temperature T c it crosses
. This causes a third order transition, as the third derivative of the free energy Eq. (19) is discontinuous at this point (see Fig 4) . 
where we have kept only the first terms in l and N f N expansion in Eq. (10) and
The saddle point equations we have to solve in this case are just the simple modifications of Eq. (18) with an additional term for d
we will show that the effect of the term d will be to make the deconfinement transition softer and then non-existant. It should be noted that from Eqs. (11), (22) . At first we will discuss the b = 0 case and then we will discuss the more interesting b > 0 case.
Here we keep the coupling zero (and hence b = 0), while increasing the value of N f /N.
The quantity d is negative in our conventions. In this case, changing d at a fixed temperature (and hence m 1 ) only changes the offset of Eq. (18), and so there is always only one saddle point. As argued in [17] , this saddle point has ρ 1 = 0. The position of this saddle point on the ρ 1 axis shifts with changing d. However, the RHS of Eq. (18) has a discontinuity in its second derivative (and hence the free energy has a discontinuity in its third derivative)
. So there is a third order phase transition (GWW transition) when the saddle point crosses ρ 1 = . The value of m 2 1 at the transition point is given by:
Recall that d is negative in our model. Fig 5 shows the transition. Let us take a closer look at the region near T = 0. The saddle point for the system is, from Eq. (23)
Now from Eq. (11) it follows that as T → 0, m 2 1 , d → 0. So ρ n → 0 as T → 0. So in this region the eigenvalue distribution ρ(θ) becomes uniform. This corresponds to a geometry without an event horizon, which tallies with the brane picture.
Let us now consider the case with nonzero N f /N and coupling (we also assume b > 0).
At non-zero d we always have ρ 1 = 0 at finite temperature. (Recall that according to the discussion of the previous subsection T → 0 =⇒ ρ 1 → 0.) In low temperature phase we have one saddle point(I). In fact one can easily calculate that at low temperature,
Here we have used the fact m . We believe that this should not be interpreted as an analogue of deconfinement transition and should be interpreted along the lines of [23] .
Let us now summarize the resulting phase structure as a function of the three parameters
We see that two different transitions are taking place: a first order deconfinement transition which ends on a critical line, and a third order GWW transition which is always present. In Fig 7(a) the red line marks the position of the critical points where the three saddles meet, and the first order phase transition ends. The surface 7 The phase diagram here has strong resemblance with the phase diagram of R-charged black holes in AdS 5 [27, 28] . Also,in [29] the introduction of chemical potential for Maldacena loop gives rise to phase diagram which is quite similar to our model. we present a schematic diagram (Fig 9) of the saddle point dynamics for a fixed coupling In this work we have shown that for a weakly coupled gauge theory on S 3 , introduction of flavour degrees of freedom makes the deconfinement transition non-existant. It is natural to ask whether we can extrapolate our result to strongly coupled N = 4 SYM theory or even strongly coupled large N QCD on S 3 . We note that the phase structure of weakly coupled N = 4 SYM theory on S 3 is similar to that obtained from strong coupling calculations done using supergravity analysis. It is speculated that this phase structure continues to be valid in the intermediate coupling regime [21] . We conjecture that even at finite N f /N, one can extrapolate from a weakly coupled phase diagram to strongly coupled one. Essentially the nature of the phase diagram in Fig 1 remains the same as we change the coupling. This is motivated from the observation that introduction of flavours generically induces a linear term (in T rU) in the effective action (Eq. (3)), which one can predict just from gauge invariance.
At strong or intermediate coupling, we have little analytic control over the coefficients of such terms. However it is natural to speculate that any linear term will create an offset, which is similar to d in Eq. (21) and a mechanism similar to the one in section III B may be taking place.
One may also try to study the finite flavour theory from the supergravity side. At zero temperature, the exact back reacted D3/D7 brane solution is known. The near horizon geometry of such a solution has an interpretation of SYM theory with N f fundamental flavours. The finite temperature solution is not known, but we expect that the D7 branes will become non-extremal. Hence even at small temperatures there will be creation of a horizon. This fact tallies with the observation that for finite N f , ρ 1 is always non-zero at finite temperature. What happens in the brane picture at higher temperature is less clear.
Because of the lack of symmetry, this is a hard problem to solve analytically (D7 branes are localized in the internal manifold S 5 and consequently the geometry depends both on the internal coordinates and the radial coordinate). One may hope to make progress in the dissolved brane scenarios [30, 31] , which makes the solution independent of the radial coordinate and a model similar to [29] may emerge (see appendix B for a detailed discussion).
In the case of the pure YM theory, the coupling can be tuned by defining it over the sphere (S 3 ) of varying radius (R). The theory will be weakly coupled if R ≪ Λ Y M and strongly coupled in the R → ∞ limit. Hence the perturbative deconfinement transition in small S 3 may indeed be connected to the deconfinement transition in flat space for large N (for finite N, deconfinement transition does not happen in finite volume and only happens in flat space). In a similar spirit our finite N f /N result may also be extrapolated to R → ∞.
The connection with real QCD is more speculative. In real QCD N = 3 and N f ≈ 2 − 3 and the theory is defined on the flat space. However the non-existence of a sharp first order transition in QCD may indeed be the extrapolation of our result at strong coupling and finite N. ) to draw such a surface (Fig 10) , which has the same generic features as of the diagram presented in [32] 9 .
9 One should keep in mind that we do not have a issue of chiral symmetry breaking for our problem. All the fields on S 3 are massive due to the curvature of S 3 . Hence the region near m = 0 is excluded from our diagram. Another interesting avenue is to study the effects of flavours on the lower dimensional gauge theories, possibly using numerical methods. We are planning to address this issue in a future paper [33] .
At the critical point three saddle points of the system merge, because the saddle point equation (S ′ tot (ρ 1 )) develops a third order zero. The condition for the critical point is thus
where S M is the contribution from the U(N) measure. The first one of the above three conditions is satisfied by changing the parameter d.
, the remaining two can be written as:
The solutions to the above equations can be written as:
If we impose the probable physical condition m which terminates on a Wilson loop in the boundary 10 . This system is discussed in [29, 34] .
To study S 3 independent physics, an average is taken over the angular directions in AdS 5 and it is assumed that metric depends only on the radial coordinate. Using the radial symmetry, we may write the order parameter as, 
These equation has a Schwarzschild like solution with metric ,
where, f (r) = r 2 + 1 − 16πG N κ pΩ p r p−2 − µ r p−1 .
Here µ is fixed by requiring the metric to be smooth at the horizon, which sets f ′ (r h ) = 4πT , where the horizon radius r h is the largest root of f . In this case Φ can be calculated easily, as it is independent of the particular form of f :
The free energy as a function of Φ may be written as,
The plot of the free energy is shown in Fig 12 ( taken from [29] ): showing emergence and joining of the saddle points.
The corresponding phase diagram is similar to Fig 1 and is shown in Fig 3 of [29] .
